Using the knowledge of two-body collision properties that has recently become available, we estimate the three-body recombination rate for doubly spin-polarized ultracold gas samples of 7 Li, 23 Na and 87 Rb on the basis of the Jastrow approximation. We nd that only recombination leading to the formation of the highest two-body bound states is important. The rate for the highest bound level with zero angular momentum is found to increase strongly with the absolute value of the two-body scattering length. Pacs number(s): 32.80. Pj,42.50.Vk Typeset using REVT E X 1
I. INTRODUCTION
One of the main goals of neutral atom cooling and trapping experiments is achieving the low temperatures and high densities needed to obtain Bose-Einstein condensation (BEC). The past year has shown a rapid growth in phase space density towards or even beyond the critical line of the phase transition by several authors 1{4]. With the recent breakthrough to BEC by Anderson et al. 1] it becomes of increasing importance to explore the limits to BEC as imposed by inelastic two-body collisions and by three-body recombination. In this paper we concentrate on the latter process in a cold gas sample of doubly-polarized atoms, leading to the formation of triplet ground-state dimers and thus to decay of the atomic density and to heating of the gas. During the last decade much e ort has been devoted to calculating the three-body recombination rate constant L for doubly spin-polarized atomic hydrogen 5{8]. For the alkali atomic species the only published calculation is the estimate in Ref. 9 ] for Cs. We will now apply the same approximative method to estimate L for cold gas samples of 7 Li, 23 Na and 87 Rb making use of the recently obtained triplet collision parameters for these alkali atoms 10{13]. The information obtained from an analysis 14] of experimental collisional frequency shifts of the cesium atomic fountain clock is not of su cient accuracy to enable us to include Cs in our calculations on the same footing as the above-mentioned alkali systems.
An important di erence of the alkali-atom recombination process with the previously considered case of atomic hydrogen is the existence of triplet two-body bound states of alkali atoms. This makes recombination possible in three-body collisions without spin-ip, enhancing the rate by about 10 orders of magnitude 9] with respect to that in H. This paper is organized as follows. In Sec. II we describe our method of calculation in more detail than in Ref. 9] , starting with some general aspects of the three-body recombination process, introducing the Jastrow approximation and describing the numerical approach. In Sec III we present our results. A summary and outlook is formulated in Sec IV.
II. METHOD A. Rate constant for recombination
We rst introduce the notation to be used in the following. Leaving out temporarily the identical-particle aspects, we assume that in a collision of three initially free atoms 1,2 and 3, particles 2 and 3 form a molecule in the nal state, while particle 1 remains free. It is then customary to use Jacobi coordinatesr;R, wherer is the radius vector from 2 to 3, and R the radius vector from the center-of-mass of 2 and 3 to 1 (see Fig. 1 
where hk i is the momentum of atom i. We start from a rigorous expression for the transition probability per unit of time for recombination in a three-body collision, assuming normalization in a large six dimensional (6D) volume V V of the combinedr andR spaces:
Here j f i is a stationary state j ' vlm i jq f i of a Hamiltonian H 1 obtained from the total Hamiltonian H = H 0 + V by subtracting the interactions of particle 1 with the remaining particles, j ' vlm i denoting a particular molecular bound state and jq f i a momentum eigenstate of atom 1 relative to the molecular center-of-mass. The state j (+) i i j (+) i (p i ;q i )i is the rigorous three-body eigenstate including the sum V of all interactions, which is asymptotically equal to the free state jp i ;q i i of three free atoms supplemented with outgoing scattered parts. For the interaction operator V we will consider only a sum of (triplet) pair interactions, V = V 12 + V 13 + V 23 : (4) electron-nuclear spin parts in our notation.
We now take the limit V ! 1 leading to a -function normalization of momentum eigenstates. Furthermore, we take care of the identical-particles aspect by replacing j (+) i i with a symmetrized state 1 p 6 S j (+) i i, where S is a sum of 3! permutations. By multiplying the rate by 3 (taking into account the three di erent nal states with each of the bound pairs 2-3, 1-3 or 1-2), the following transition probability is found 6]: 
The summation is over all triplet diatom states, q f is determined by energy conservation, while the integration is over all directions ofq f .
B. Zero-temperature limit and Jastrow approximation
We now make use of the fact that the initial state is one with three ultracold atoms, the experimental temperatures in the nK range being small relative to the depth of the two-body potentials at the relevant radii r = O(a) in the initial channel as well as to the binding energies of the two-body bound state dominant in the nal channels. This allows us to use the T ! 0 limit 15] which implies the replacementp i =q i =0 in the thermal average: L = L(0;0). Thus, to calculate the recombination rate, only the triplet interaction potential, the bound state wavefunctions in this potential and the three-body scattering state j S : (9) Note that the Jastrow form (9) is rigorous when one of the particles is su ciently far away and that it also ful lls the condition for Bose symmetry. To test the Jastrow approximation we compared the results for calculations of the recombination rate in atomic hydrogen to the results of calculations with the exact initial state for various values of the magnetic eld. The di erence turned out to be at most 15 %. Clearly, because of the existence of many bound di-atom states in the triplet potential, the Jastrow approximation will be less accurate in the case of alkali atoms. This will particularly be the case in the part of con guration space where all three particles are closely together. In this relatively small part of space, however, the wavefunction oscillates rapidly and in calculating the nal matrix-element these oscillations will tend to integrate out. On the basis of (9) the matrix-element in the expression for the rate constant can be written as 
Here j l (q f R) is a spherical Bessel function, P l (x) is a Legendre polynomial, and x = cos( ) with the angle betweenr andR (see Fig. 1 ). From this expression it is clear that the free atom in the nal state has orbital angular momentum quantum numbers equal to l and ?m, which is easily understood on the basis of angular momentum conservation: the initial state has total orbital angular momentum L = 0 and the dimer has quantum numbers l; m. Note that the V ( + ) and V ( ? ) parts of (10) compensate one another for odd l as they should in view of the Bose symmetry under exchange of atoms 2 and 3, while they are equal for even l.
The expression (11) contains products of rapidly oscillating functions (see Fig. 2 ), which may easily give rise to numerical problems without a careful choice of integration variables. This indeed turns out to be the case: after carrying out the x-integration the integrand of the r integral shows for each xed value of R rapid and "chaotic" oscillations which are increasingly di cult to handle for increasing atomic mass. The x-integral, for instance, involves simultaneous variations of the 
0 (r)P l (x) ; 6 with x 0 = cos( 0 ). For the dominant bound dimer states close to the continuum the functions ' vl (r) and ' (+) 0 (r) show almost identical fast oscillations, so that in the r-interval concerned the resulting local sin 2 function can be replaced by 1 2 . Furthermore, the expression (12) has the advantage that the potential V ( + ) which would also disturb the regular oscillations of the integrands of the previous integrations, is included in the last integration. Fig. 3 , which shows the intermediate result of the x 0 and ? integrations, illustrates the disappearance of the irregular oscillations achieved in this way.
III. RESULTS
In Tables I and II the partial recombination rates to speci c bound states (v; l) are given for the production of the highest two-body bound states of 7 Li and 23 Na. The partial rates L vl decrease with increased binding energy and also show a systematic decrease at the highest l values considered. Both tendencies can be understood by overlap arguments. Final states which are weakly bound have optimal overlap with the initial state of three slow atoms so that a weaker perturbation operating in a larger part of space is su cient to induce a transition. For higher orbital angular momenta l the atoms are pushed to larger distances, i.e. the Bessel function j l is small in a larger radial range, so that the overlap will decrease.
Next we turn to the recombination rate for 87 Rb, which is of particular relevance in view of the recent successful BEC experiment. The detailed potential curve for Rb is not yet known, but we know the long range part (r > 30a 0 ) and the locations of the highest bound states relative to the continuum from recent cold atom photo-association work 12, 13] . This allows us to calculate the three-body rate rather reliably, since the recombination rate tends to be dominated by contributions from larger interatomic distances. This is con rmed by detailed calculations in which we compared recombination rates for a number of di erent r < 30a 0 parts of the potential. The latter were obtained from an ab-initio potential 17], and adjusted to give correct values for the scattering length and highest bound state energies 13]. We found L to vary by at most a factor of 3. In Table III we present the resulting total recombination rates for 7 Li, 23 Na and 87 Rb. Note that the decay rate for 87 Rb is predicted to be a factor of 50 smaller than that for the two other atoms, which clearly is of great importance for Bose-Einstein condensation experiments.
The fact that L apparently depends only on the tail of the potential might imply that it could be expressed as a simple function of the scattering length. A simple dependence on a T is indeed suggested by Eq. (12) . If the intermediate result of the x 0 and ? integrations is considered as constant in the relevant + region then the + integral R + 2 d + V ( + )'
(+) 0 ( + ) is just the expression for the zero energy T-matrix, which is equal to the two-body scattering length. Detailed calculations show that the amplitude of the intermediate result of the x 0 and ? integrations depends only weakly on the scattering length for not too extreme values of this latter quantity. A strong dependence of the total L on the scattering length also follows from an even simpler picture of the three-body collision than has been used in the foregoing: the impulse approximation 18]. To facilitate physical insight into this picture we turn to the inverse process of recombination: break-up of a dimer by the collision with an atom, for which the transition amplitude is the complex conjugate value. In the picture of the impulse approximation the dimer state is Fourier-analyzed as a superposition of all possible relative momentum eigenstates of the two atoms. The "incident" atom is a ected by each of the states in the superposition separately and collides with one of the atoms only. The transition amplitude to a particular free three-atom state is then equal to the probability amplitude of the dimer relative momentum state multiplied by a two-body scattering amplitude 19] . Since at the relevant low temperatures, the latter is equal to the scattering length, the question comes up to what extent L is proportional to a 2 T . To investigate this for 23 Na we varied the scattering length by deepening gradually the inner part of the potential, thereby shifting the radial nodes beyond this range, and calculated the dominant partial recombination rate L 15;0 . The result is shown in Fig. 4 . Apparently, there is a considerable scatter around the a 2 T dependence. In any case Fig. 4 shows convincingly that the recombination rate depends very sensitively on a T with a tendency to rapidly growing rates for larger j a T j values. We should stress, however, that it is certainly not the scattering length alone which determines the order of magnitude of the total recombination rate. As the potential is made deeper, at some point it is possible to have a state with l = 2 as the highest bound state. The partial decay to this state then becomes the dominant process (see Table IV ).
IV. CONCLUSIONS
We have calculated the three-body decay rate for doubly spin-polarized ultracold gas samples of 7 Li, 23 Na and 87 Rb based on two-body collision information which has recently become available for the above atomic species on the basis of spectroscopic data and coldatom photo-association experiments. These atomic species play a key role in the recent BEC experiments. Experimental results 1] indicate that three-body recombination is an important process in these experiments, the loss rate determining the lifetime of the condensate probably being a result of this mechanism. In view of the ultralow temperatures obtained experimentally we approximate the rate L by that in the T ! 0 limit. L is a sum over partial rates for formation of the various dimer rovibrational states and is dominated by one or a few of the highest bound states. Note that the recombination rate has to be divided by 6 for atoms in a condensate due to the symmetry of the wavefunction 20] 
